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In a series of papers K. D. Magill, Jr. (see [1] and its references) has proved that, in various semigroups of mappings on topological spaces, every automorphism is inner, where an automorphism <f> of a semigroup &/ is a bijection of s4 such that
<Hfg) = HfMg)
for all / and g in s/, and it is said to be inner if there exists a bijection h e J / such that h" 1 (the inverse of h) belongs to s/ and for every f e s/.
In this paper, we shall consider the same problem for the semigroups 38, ^ and 3) which will be defined in the following sections.
Throughout this paper, E stands for a real Banach space, and the Banach algebra of all continuous linear mappings of E into itself is denoted by Z£.
The semigroups 3% and F
or two mappings / and g of E into itself, the product fg is defined by for every x e E.
A mapping f oi E into itself is said to be bounded if f(B) is a bounded subset of E whenever B is a bounded subset of E. The set of all bounded and continuous mappings is denoted by £8, which is obviously a semigroup.
A mapping f oi E into itself is said to be completely continuous if it is continuous and f(B) is contained in a compact subset of E whenever B is a bounded subset of E. The set of all completely continuous mappings of E into itself is denoted by <€, which is obviously a semigroup.
A mapping f oi E into itself is said to be constant if there exists a e E such that f(x) = a for every x e E. This mapping is denoted by c a : 456 Sadayuki Yamamuro [2] for every x e E. The set I(E) of all constant mappings is a semigroup, and we have
(1) fc a = c tu) and cj = c a ,
where / is an arbitrary mapping of E into itself. It is obvious that
Throughout this section, we denote by si an arbitrary semigroup of mappings of E into itself. A subset / of si is said to be an ideal if fg and gf belong to si whenever f el and g e si. It is easy to see that, if <f> is an automorphism of si, I is an ideal of si if and only if </>(I) is an ideal of si.
The property (1) = hfh-i(x), from which (5) follows.
This theorem means that every automorphism of the semigroup of all mappings of E into itself is inner. On the other hand, if the semigroup is 'small', an automorphism is not always inner.
(7) In the semigroup I(E) no automorphism is inner,
because the mapping c a does not have an inverse.
(8) / / E is infinite dimensional, no automorphism of the semigroup %> is inner.
PROOF. If an automorphism <f> is inner, the bijection h = h(<f>) and its inverse h" 1 belong to < S. This means that the closed unit sphere is contained in a compact set, which is true only if E is finite dimensional.
(9) If E is infinite dimensional, in the semigroup \-\-'& = {l-{-f\f €<£} where
1 is the identity mapping, some automorphisms are inner and some are not inner.
PROOF. We assume that £ is a Hilbert space and consider the onedimensional mapping t:
where a is a fixed non-zero element and (a, x) is the scalar product of a and x. Then, h = \-\-t is a bijection and (10) h is continuous.
PROOF. Let a be an arbitrary element. We take b e E such that b ^ h(a). Let e be an arbitrary positive number, and put
S = S(h{a), e) = {x e E\ \\x-h{a)\\ < s}.
Then, since E is completely regular as a topological space, there exists a continuous function <x(x) such that
We consider the mapping
g{x) = *{z)(b-x)+h{a).
Since ge8 §, we can take fes/ such that <f>(f) -g. We have /(«) ^ a, because, if f(a) = a, since fc a = c a , we have
from which it follows that
which is a contradiction. Therefore, there exists 6 > 0 such that
For this <5, we can prove that
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700007400
[5]
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Assume that there exists x e E such that
\\h(a)-h(x)\\ ^ e and ||x-a\\ < d.
Then, since a.(h(x)) = 0, it follows from the definition of g that g(h(x)) = h(a). Therefore, since <£(/) = g,
which is a contradiction.
(11) h is bounded.
PROOF. Let B be an arbitrary bounded subset of E and we assume that h(B) is not bounded. Then, there exists a sequence x n e B such that lly.ll+i < lly,+ill where y n = h(x n ). Let us consider S n = S(y n , i) = {x e E\ \\x-y n \\ < ft.
Obviously, y n e S n for each n and S n n S m = empty if n ^ m. which is a contradiction. Thus, from (10) and (11) it follows that he38. The fact that h~l e@ can be proved in the same way if we consider $~l instead of <f>.
The semigroup 9)
A mapping / of E into itself is said to be (Fr6chet)-differentiable at a e E if there exists / e JS? such that
||*||-o 11*11
This mapping t is determined uniquely for each a and is denoted by f'{a). If / is differentiate at every point of E, it is said to be differentiable. We denote the set of all differentiable mappings of E into itself by 3). This set Si is a semigroup because fg e 2 whenever / e 3) and g e 3>. Moreover, in this case, we have fcr every x e E. It is easy to see that I{E) C 3 and ^(a;) = 0 (x, a 6 E), <ec@ and /'(*) = / (a: e £, / e <£).
[7]
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In [3] , K. D. Magill, Jr. has proved that, when E is the field of real numbers, every automorphism of 3> is inner. In the proof, he has used the fact that a bijection of £ is a monotone function, which is differentiable at countably many points. When £ is a general Banach space, this is no longer true. For example, in a Banach space with non-differentiable norm, the bijection h(x) = \\x\\x is differentiable only at the origin. We have to leave the following problem unsolved: is every bijection of a Banach space differentiable at at least one point}
In this section, we shall prove that some automorphisms of 3l are inner. At first, we prove the following theorem. PROOF. By Theorem 1, there exists a bijection h such that (5) is satisfied. We have only prove that h e ££.
We denote the mapping x -> £x by | . Then, the mappings <f>(£) belong to the centre of the primitive Banach algebra ^C, because, if t e ££, since <f>~l{t) e JS?, for any x e E and y = h~1(x), we have Therefore, by Corollary 2.4.5, p. 61, of [5] , there exists a real-valued function A(|) of a real variable I such that ( x ) = X(£)x ii xeE and -oo < £ < oo.
We shall prove that A (I) = f, or To prove that a = 1, we consider the one-dimensional linear mapping x ® x [x e E and x e £ (the conjugate space of E)) defined by
Then, since
<f>(x (8) x)(y) = h(x (8) xjh^iy) = h{x(h-\y))x) (x) = (x(h-Hy)))«h(x)
and (j>(x ® £)(y) is linear with respect to y, (x(/j~1(«/))) ot is alinear functional on E for each x e E,m other words, for any x e E. This means that A -1 (a+6) belongs to the subspace spanned by h~1(a) and A -1 (6), because ( ( ) ) = 0 implies ^(A^1(a+&)) = 0. Therefore, for some numbers ,a and p. Now, we take a and 6 such that h~1(a) and A" 1 (6) are linearly independent. We can take x e E such that ^(/^(a)) = 1 and x^ib)) = 0. Then, from which it follows that //, = 1, because ^ = X{jx) and A(-1) = -1. Similarly, we have p = 1. Therefore,
Next, we take i e £ such that ^( / J " 1^) ) = f(A" 1^) ) = 1. This can be use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700007400
done because h~1(a) and h~x(b) are linearly independent. Then,
from which it follows that a = 1. Thus, the proof of (12) is completed. Now, we can prove that h is linear. If x and y are linearly independent, it follows from (13) that h~l(h(x)+h(y)) = x+y, which is equivalent to
h(x)+h(y) = h(x+y).
If x and y are linearly dependent, since y = £x for a number f,
Finally, we prove that h and h' 1 are continuous. Since h is a bijection, we have only to prove that it is closed. Let us assume that lim^^,^ x n = x 0 and lim n _ >oo h(x n ) = y. Then, for x ^ 0 and an arbitrary x e E, since <f>(x ® x) is a continuous linear mapping,
On the other hand, 4>{x ® x){h{x n )) = x{x n )h{x) and Therefore, {x n } converges weakly to h~1(y), hence it follows y = h(x 0 ). Now, we return to the semigroup 3l. For / e 3>, we define the set d{f) by = {f'(x)\xeE}.
In This means that / e £?. Thus, the proof is completed.
REMARK. If we do not assume <£(.£?) = SP in Theorem 3, the problem becomes almost equivalent to the problem of finding the infinitesimal generator of the one-parameter semigroup <f>{e^) of purely non-linear mappings.
